In this article, we prove infinitary version of one to one correspondence theorem between clones and relational clones on a fixed possibly infinite set. We also characterize the relational clone corresponding to the clone of all finitary operations. By this characterization, we obtain correspondence between finitary clones on a fixed infinite set and relational clones satisfying some condition.
Outline
In this article, we prove infinitary generalization (Theorem 2.6) of correspondence theorem between clones and relational clones on a fixed set, proved by [1] and [2] . So far the author know, only one correspondence result between clones on an infinite set and other mathematical objects is known. That is, correspondence between so-called local clones and local relational clones ([4] Theorem 4.1 and 4.2). This correspondence only captures particular clones, on the other hand, correspondence theorem proved in this article captures all clones on a fixed infinite set.
By this correspondence, there is a relational clone that corresponds to the clone of all finitary operations. This relational clone is characterized as the set of all "generalized diagonal relations" (Theorem 3.2). As a corollary, we obtain the correspondence between finitary clones and relational clones that have all generalized diagonal relations (Corollary 3.3).
Duality between clones and relational clones
For this article being self contained, we define concepts appear in the main theorem.
In this article, we use the following notations. A ⊂ B denotes the condition x ∈ A implies x ∈ B, A B denotes A ⊂ B and A = B. For a set A, |A| denotes the cardinality of A. Definition 2.1 (Clone). Let A be a set and λ be an infinite cardinal. A set C of <λ-ary operations on
, is said to be a <λ-ary (operational) clone on A if the following conditions hold:
1. For each cardinal λ ′ < λ and i ∈ λ ′ , the i-th projection pr
, where λ ′′ is the arity of f , then the composition
Definition 2.2 (Relational Clone). Let A be a set and κ be an infinite cardinal. A set R of <κ-ary
, is said to be a <κ-ary relational clone on A if the following conditions hold:
If {r k } k∈K ⊂ R, r k ⊂ A κ k and a relation r ⊂ A κ ′ is defined by the following form
where g : U → K and f : u∈U {u} × κ g(u) → κ ′ ∐κ (This condition is referred as "r is defined from {r k } k∈K by primitive positive formula of L ∞,∞ -logic."), then r ∈ R holds. Definition 2.3 (Polymorphism, Invariant Relation). Let A be a set and λ, κ be cardinals. 1 sa9m02@math.tohoku.ac.jp 1. Let F be a set of <λ-ary operations on A. A κ-ary relation r on A is said to be invariant to F if
hold for all f ∈ F . The set of all κ-ary invariant relations of F is denoted by Inv κ (F ). We define Inv <κ (F ) := κ ′ <κ Inv κ ′ (F ).
2. Let R be a set of <κ-ary relations on A. A λ-ary operation f on A is said to be a polymorphism
hold for all r ∈ R. The set of all λ-ary polymorphisms of R is denoted by Pol λ (R). We define
Remark 2.4. For simplifying description, we also use notation such as Inv X (C), where C is a set of operations and X is an arbitrary set. That is defined as
where ϕ is a bijection X → |X|. This does not depend on the choice of bijection ϕ.
Similarly, the set of set-indexed polymorphisms is defined as
The following proposition is easily follows from definition.
Proposition 2.5. Let A be a set and λ, κ be a cardinal.
1. For a set F of <λ-ary operations on A, Inv <κ (F ) is a <κ-ary relational clone on A.
2. For a set R of <κ-ary relations on A, Pol <λ (F ) is a <λ-ary operational clone on A.
We complete to prepare to describe the correspondence theorem between clones and relational clones. The theorem is described as follows. Theorem 2.6. Let A be a set and λ be a strong limit cardinal that satisfies λ > |A|.
1. If C is a <λ-ary operational clone, then Pol <λ (Inv <λ (C)) = C holds.
2. If R is a <λ-ary relational clone, then Inv <λ (Pol <λ (R)) = R holds.
Note that a cardinal λ is said to be strong limit if λ ′ < λ implies 2 λ ′ < λ. The following proof is obtained by basically the same way as the proof of finitary and on finite set version described in [3] Chapter 2 of Part II.
We prove the reverse inclusion Pol <λ (Inv <λ (C)) ⊂ C. Let κ be a cardinal that κ < λ. Define a
Where C κ is the set of all κ-ary operations belonging to C, i.e., C κ := C ∩ A A κ . Then the next claim holds.
(1) Γ κ ∈ Inv A κ (C).
(2) For any f : A κ → A, f ∈ C κ holds if and only if f preserves Γ κ (C).
(1) easily follows from the assumption C is closed under composition.
(2) is proved as follows. By definition of Γ κ (C) and the assumption that C is closed under composition, f ∈ C κ implies f preserves Γ κ (C).
To prove the converse, notice that for each i 0 ∈ κ,
By these claims, we conclude that
2. Inv <λ (Pol <λ (R)) ⊃ R is easy.
To prove reverse inclusion, first we prove Γ κ (Pol <λ (R)) ∈ R for arbitrary κ < λ. Let r be the minimum relation that r ⊃ Γ κ (Pol <λ (R)) and r ∈ R κ . We should prove r = Γ κ (Pol <λ (R)).
Assume a = (a j ) j∈A κ ∈ r\Γ κ (Pol(R)) exists. Then, by Claim (2), the operation f a : j → a j (A κ → A) does not belong to Pol κ (R). Therefore, there exist s ∈ R µ (µ < λ) and (b i,k ) i∈κ,k∈µ ∈ A κµ that satisfy the following conditions:
Let ϕ : µ → A κ be the unique mapping such that b i,k = ϕ(k)(i) and define an relationr bỹ
Then the following assertions hold.
•r ∈ R.
• Γ κ (Pol <λ (R)) ⊂r ⊂ r.
• a ∈r.
These properties contradict to minimumity of r. Therefore, Γ κ (Pol <λ (R)) = r ∈ R holds if these assertions are proved. r ∈ R follows from r, s ∈ R.r ⊂ r is trivial. We prove Γ κ (Pol <λ (R)) ⊂r. Note thatr is closed under operations belonging to Pol <λ (R) ⊂ Pol <λ (r). Adding this and the fact that Γ κ (Pol <λ (R)) is the minimum relation that contains {(j(i 0 )) j∈A κ | i 0 ∈ κ} and closed under every operations belong to Pol <λ (R), it is sufficient to show that (j(i 0 )) j∈A κ ∈r for all i 0 ∈ κ. It follows from
Finally, we prove a ∈ r. It follows from
The proof of Γ κ (Pol <λ (R)) ∈ R is completed.
Next, we prove Inv <λ (Pol <λ (R)) ⊂ R. Let r ∈ Inv κ (Pol <λ (R)) and r = {(a i,j ) j∈κ } i∈I be an enumeration of r. Let ϕ : κ → A I be the unique mapping satisfying ϕ(j)(i) = a i,j . Definẽ
Clearlyr ∈ R holds. We prove r =r. For (a i0,j ) j∈κ , (y k ) k∈A I = (k(i 0 )) k∈A I ∈ A A I satisfies (y k ) k∈A I ∈ Γ I (Pol <λ (R)) and y ϕ(j) = a i0,j .
Therefore (a i0,j ) ∈r holds and r ⊂r is proved. Finally, we prover ⊂ r. Because Γ I (Pol <λ (R)) is generated (as a Pol <λ (R)-algebra) by {(k(i)) k∈A I | i ∈ I}, the set {(ϕ(j)(i)) j∈κ | i ∈ I} = r is a set of generator ofr. (Because {(ϕ(j)(i)) j∈κ | i ∈ I} is the image of {(k(i)) k∈A I | i ∈ I} by the projection A A I → A κ , which is a homomorphism between Pol <λ (R)-algebras, induced by ϕ : κ → A I , andr is the image of Γ I (Pol <λ (R)) by the same projection.) By this fact and r is closed under operations belonging to Pol <λ (R),r ⊂ r holds.
Characterization of finitary clones
In this section, we describe the relational clone corresponding to the clone of all finitary operations. That is the set of all "generalized diagonal relations" defined as follows.
Definition 3.1. Let A be a set, κ ≥ |A| be an infinite cardinal. D κ fin denotes the following κ-ary relational clone:
• For a set E of equivalence relations on κ, we define
• D κ fin := {D E | E is an ideal of the lattice of all equivalence relations on κ}. Proposition 3.2. Let A be a set, λ, κ be infinite cardinals and f : A λ → A. Assume |A|, λ ≤ κ. Then the following conditions are equivalent.
1. f is essentially finitary, namely there exists a finite set I ⊂ λ such that for any (a i ) i∈λ ,
A λ → A be essentially finitary, depends on finite components I ⊂ λ. Let E be an ideal of the lattice of equivalence relations on κ.
Because E is an ideal and I is finite, E :
2 ⇒ 1. Suppose f is not essentially finitary. Let µ be the minimum cardinal that satisfies the following condition: There is a set I ⊂ λ that |I| = µ and the implication
holds. Let I ⊂ λ be a set satisfying |I| = µ and Implication (1). Since f is not essentially finitary, µ is an infinite cardinal. Let α be the minimum ordinal that has the cardinality µ and fix a bijection i :
By the definition and assumption for µ, α, I and the mapping i, there are tuples (a i,β ) i∈λ,β∈α , (b i,β ) i∈λ,β∈α of elements of A satisfying the following conditions:
• f (a i,β ) i∈λ = f (b i,β ) i∈λ hold for any β < α.
Let k : α × {0, 1} ֒→ κ ((β, e) → k β,e ) be an injection. Define E := {E | E is an equivalence relation on κ, ∃β < α; β < γ < α ⇒ (k γ,0 , k γ,1 ) ∈ E}.
Then E is an ideal of equivalence relations on κ. Fix an element c 0 ∈ A and define (c i,k ) i∈λ,k∈κ ∈ A λκ as follows:
if there is β such that k = k β,1 , c 0 otherwise.
Then (c ik ) k∈κ ∈ D E for each i ∈ λ. However (f (c i,k ) i∈λ ) k∈κ ∈ D E . It means f ∈ Pol(D E ). As a corollary of this proposition, we obtain correspondence between finitary clones and relational clones that contain all generalized diagonal relations. To prove the converse, suppose a <λ-ary clone C contains an operation f not essentially finitary. Then, by the previous theorem, there is an equivalence relation E on λ ′ < λ that f does not preserve D E . Therefore Inv <λ (C) ⊃ D <λ fin .
